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Introduction

Problem

@ Observation x € R" ~ p(x;0),0 € R”, the parameter vector.
Estimate 6 from observations

moeg N(xp,0°%), 0= (u0%
MLE (Maximum-Likelihood Estimation)
o Estimate as 6 = argmaxgp(x; 0)
@ p(x;0) is the likelihood of observing x given the parameter vector 6

Link to MAP

o Estimate as 6 = argmaxgp(0;x) = argmaxgp(x; 0)p(0)/p(x) =
argmaxgp(x; 6)p(6)
@ Weighted max. likelihood (need a meaningful prior p(8))
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Maximum-Likelihood Estimation

MLE (Maximum-Likelihood Estimation)
o Estimate as 6 = argmax,p(x; 8) = argmaxg In p(x; )
@ Necessary conditions for maximum:

0lnp(x;0)

=0,i=1,...,k
8974 O7Z ) 9
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Example: Estimating Gaussian parameters

Gaussian distribution parameters
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Inp(x;p,0%) = %ln(meQ)—
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Example: Estimating Gaussian parameters

MLE estimator of p

—n 1 &
Inp(x;p,0%) = - In(27w0?) — 252 Z(xl — u)?
i=1
dn p(x; u,0°) -1 ¢
T PT ) . —(9). —
> oz (2 e =)
1 n
= — Zmz —nu| =0
77 \iz1
~ 1 & —
=>u = — sz = X sample mean
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Example: Estimating Gaussian parameters

MLE estimator of o2

-n 1
Inp(x; p,0%) = - In(2m0”) — 252 > (xi—p)?
i=1
O1n p(x; p, 0?) -n 27 1 & 9
T T 2 e T )
i=1
-n 1 & 9
202 * 204 l_l(% 2
1 & 1 &

~2 ~\2 <\2 :
=0 = - Ty — W) = — Ty — X sample variance



Example: Estimating linear model
Linear model with AWGN

Yy = x4+ ...+ 0+ &
where, & ~ N(0,02) iid. We observe x;,7;. Note that
x; = (241, ..., %) IS @ row vector.
yi = X-0+§
yilxi,@ ~ N(x;-0,0%), and independent
1 (yi — x; - 0)?
CX; 2y = AR
p(yi> xi, 0,0 ) - 902 exp <_ 252

X

p(y;xl,...,xn,B,UQ) = H exp _M
1 V2mo? 20

—n 1 n
lnp(y7X> 97 02) = 7 1H(27TO’2) — ﬁ Z(yl —X; 0)2
=1
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Example: Estimating linear model

yi = O+ ... 0wy +Eory=X0+¢

1 n
Tc? (yi_xi'a)Q

Inp(y; X,0,0%) = _Tnln(%ra?)—
i=1

Olnp(y; X,0,0?)

2 n
= 55> (yi—xi 0x;=0
20° 1S

a6,
n
:>Z(yi_xi‘0)$ij = 0,5=1,...,k
i—1
n ’ n
Zyﬂij *Z(Xre)l“ij = 0,j=1,...,k
i=1 =1

yTX (X0)TX
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Example: Estimating linear model

(x0)"Xx = y'x
xT"(x0)=xT"x0 = X"y
0 = (XTx)'xTy

o (XTX) 'XT = X*: Moore—Penrose pseudo-inverse of X. Need
to invert X7 X.

@ 0: does not depend on o2

5'lnp(y;X,5,02) -n 27 1 «— ~9
S LT i —x;-0)2 =
0o 2 2mo? + 204 ;(y xi-0)" =0

n

1 N
~2 _ - o~ 2
9 - n E (yz Xi 9)
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Example: Estimating linear model

MLE estimate of linear model with WGN - properties

Recally = X0 + £ and X = (XTXxX)"1x7T

E(0) = B(X'y)
= E(XTX)"'xTX0+ XT¢)
= EO+X7T¢) =96

since E(X1€) =0, X 1€ is a linear combination of iid Gaussians
with zero mean

— MLE estimator 0 is unbiased
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MLE estimate is also MVU
MLE estimate of linear model with WGN - properties

dlnp(y; X,0,0%)

1 n
09, =

0% —
dlnp(y; X,0,0%) _ i(
00 - o2
1
= 3

@ Cramer-Rao necessary and sufficient condition (from lecture on

estimation)

@ = MLE estimator 0 is MVU
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