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Introduction

Hy: x~ p(x;6)
Hy: x~p(x;61)

@ 0 (resp. 01) is the parameter vector under Hy (resp. under Hy)
@ 0y and 61 may be different parameters

@ Previous lecture = Bayesian approach (assign prior pdf’s to the
parameters under both Hy and Hy, p(6y) and p(601), and integrate)
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Generalized likelihood ratio test (GLRT)

@ Convert composite test to simple by plugging into the pdf's MLE
estimates of the parameters

@ Test statistic
. 0
(GLRT): Le(x) = ————+ S v
1

@ 0, is the maximum likelihood estimate (MLE) of the parameters
under H;

@ MLE: 6; = argmaxgp(x; 0, H;), maximizes the likelihood under H;
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Generalized likelihood ratio test (GLRT)

@ GLRT can also be written as

maxg, p(x; 01, Hy)
GLRT): L =
( ): La(x) maxg,p(x; 6o, Ho)

0

S 7
1

@ Suppose pdf under Hy is completely known

maxg, p(x; 01, Hy)
GLRT): Lg(x) =
( ) Le(x) p(x; Ho)
p(x; 61, Hy)
p(x; Ho)

Lg(x) = maxg, L(x;01)

2

LG (X) = maXg,

H\//\ o ,_.\//\ o H\//\ (=)
2

)

@ Over all possible parameters 6 use the largest likelihood ratio test
as test statistic.
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Example: Detection of unknown DC level in
WGN (GLRT)

Hy: z;=¢
H1: $¢:A+f@'

& ~ N(0,0?), iid with known o2
A is unknown, two-sided test
@ MLE estimator of A:
under Hy :z; ~ N(A,0?%)

@ From lecture on MLE: A =X, the sample mean



Example: Detection of unknown DC level in

WGN (GLRT)
. _P(X;Aaﬂl) 0
(GLRT): Lo(x) = £ 02 =
(2ze?y P exp (5 iy (i —%)?) o
=7

Wexp (% o xf)

lnLg(x):@ x?—Qini+ni2— 7 % In~y
A1 i=1 1
-1 o o\ nxX? 0
2f‘2<—2nx +nx):ﬁ % In~y
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Example: Detection of unknown DC level in
WGN (GLRT)

0
2In Lg(x) = poy ? In~

0 2 2
X s \/ihw:v’
1 n

@ This is the ad-hoc detector studied before

@ We know its performance and compared it to clairvoyant detector
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

Ho: = =¢
Hy: z=A+¢

& ~ N(0,0?), iid, 02 is unknown

A is unknown, two-sided test
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

(GLRT): Lg(x) =

° fl,?fl MLE estimates under H;

@ 69 MLE estimate under H
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

@ Under Hy

€Tr; N(0,02)

@ MLE estimator of o2 is:
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

1S g2
p(X; &g,Ho) _ (27T5_2)—n/2 exp < 2351 xz)
205
_ (271_&2)—n/2 exp (_1M>
20T
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

@ Under H;

@ MLE estimator of A is:

@ MLE estimator of o2 is:

12/
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

. 1 (2 — A)?
p(x; A, 61, H) = (2m67) "2 exp( Z“f? ) )
207
—15n =
= (27r6%)_"/2 exp( = X )
nlei=ti — X
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

Note that:
2 I~ 2 1¢ 2
65 = ﬁszzﬁZ(xi—iJri)
i=1 i=1
1 ¢ 2 2
= —Z{(l‘l—x) —|-2X(£L‘1—X)—|-X:|
nz:l
1< 1|&
= =) (3 —%)*+2%— Gy — % | + %2
n = n |74 n

Q
o
I
Q>
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

p(x; A, 61, Hy)
p(x|60, Ho)

(2#6%)_”/2

(2m6) /2

Lo(x) =

2InLg(x) = nln—

iQ
2InLg(x) = nln{l1+ 5
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

1 = In(1+x)
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

@ In(1 + ) is monotone in & = an equivalent test statistic is:

2
T(x) =

die

@ We say that the GLRT has normalized the test statistic by 67
(compared to the known o2 case) to allow the threshold to be
determined
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Example: Detection of unknown DC level in
WGN of unknown variance (GLRT)

@ Note that we can write: & = ou; where u; ~ N(0,1)

under Hy : T'(x)

(% Z?:l fi)Q

w2 (& —€)?

(02 Uz‘)2

Yo (oui—o/nd o u)?

ﬁ2

>y (us — )2

@ Under Hy: T(x) has a pdf that does not depend on 0 = we
can set the threshold for a given Pga, albeit only numerically

@ For large n: Large Data Records (LDR), asymptotically T'(x) has a

closed-form pdf



